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For each natural number k  4, we construct a Tychonoff space with a rank k-diagonal
but without a rank (k + 1)-diagonal. This example proves a conjecture on rank of diagonal
given by A.V. Arhangel’skii and R.Z. Buzyakova (2006) in [1] and answers some questions
raised by them in the same paper.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Gδ-diagonal property is an important ingredient of submetrizability and metrizability. In [1], A.V. Arhangel’skii and
R.Z. Buzyakova constructed a Tychonoff space with a regular Gδ-diagonal but without a zero-set diagonal [1, Example 2.9].
They also showed that the rank 3-diagonal and rank 5-diagonal play crucial roles [1]. More studies on zero-set or regular
Gδ-diagonals appear in [4,2] and some open problems related to rank n-diagonal (n > 3) are posed in [1].
All spaces are assumed to be topological T1-spaces, and R and Q denote the set of all real numbers and the set of all
rational numbers respectively. In terminology we follow [1]. If A is a subset of X and γ is a family of subsets of X , then
st(A, γ ) =⋃{U ∈ γ : U ∩ A = ∅}. We also put st0(A, γ ) = A and, for a nonnegative integer n, stn+1(A, γ ) = st(stn(A, γ ), γ ).
If A = {x} for some x ∈ X , then we write stn(x, γ ) instead of stn({x}, γ ).
A diagonal sequence of rank k on a space X , where k ∈ ω, is a countable family {γn: n ∈ ω} of open coverings of X such
that {x} =⋂{stk(x, γn): n ∈ ω} for each x ∈ X . A space X has a rank k-diagonal, where k ∈ ω, if there is a diagonal sequence
{γn: n ∈ ω} on X of rank k.
The rank of the diagonal of X is deﬁned as the greatest natural number n such that X has a rank n-diagonal, if such a
number exists. The rank of the diagonal is inﬁnite if X has a rank n-diagonal for each n ∈ ω. Clearly, every submetrizable
space has a diagonal of inﬁnite rank.
2. Main results
The following questions were raised in [1]:
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[1, Problem 2.13]?
The authors of [1] also gave a Conjecture:
Conjecture. For every number n there is a Tychonoff space Xn with a rank n-diagonal that is not a rank (n + 1)-diagonal.
They raised another problem related to the Conjecture:
For n 5, can the space Xn in the conjecture be metacompact? Can it be subparacompact?
In the following, by a modiﬁcation of the construction of Example 2.9 in [1], we give answers to the above questions
and prove the Conjecture by the following theorem.
Theorem 2.1. For each k ∈ ω with k 4, there exists a separable, nonsubmetrizable and subparacompact Tychonoff space X such that
the rank of the diagonal of X is k.
In order to prove Theorem 2.1 we need the following lemma ﬁrst:
Lemma 2.2. There exists a partition {Ak: k ∈ ω} of R such that Ak ∩ U is second category for each k ∈ ω and each nonempty open
subset U of R.
Proof. It is well known that the family F consisting of uncountable Borel sets in the real line is of cardinality c. Similar to
the proof of Theorem 6.9 in [3], we can make a partition {Ak: k ∈ ω} of R such that |Ak ∩ B| = c for each uncountable Borel
set B of R and k ∈ ω.
We prove that Ak ∩ U is second category for each k ∈ ω and each nonempty open subset U of R . Assuming the contrary,
let Ak0 ∩ U be ﬁrst category for some k0 ∈ N . Then Ak0 ∩ U can be represented as
⋃
i∈N Bi , where Bi is nowhere dense
subset for each i ∈ N . H =⋃i∈N Bi is also ﬁrst category, and which means that U \ H is second category. So U \ H is an
uncountable Borel set. But (Ak0 ∩ U ) ∩ (U \ H) = ∅, which contradicts the construction of Ak0 . 
Corollary 2.3. There exists a partition {Ak: k ∈ ω} of R \ Q such that Ak ∩ U is second category for each k ∈ ω and each nonempty
open subset U of R.
Proof of Theorem 2.1. Denote Nk = {0, . . . ,k − 2}; N ′k = {0, . . . ,k − 3}.
Let {Ii: i = 0, . . . ,k − 3} be a partition of R \ Q such that such that Ii ∩ U is second category for each i ∈ N ′k and each
nonempty open subset U of R . Such a partition exists by Corollary 2.3. Denote
S = {(x, y) ∈ Q 2: y /∈ Nk
};
S ′ = {(x, y) ∈ R2: y = 0,1, . . . ,k − 2}.
Points p of X are obtained from (S ∪ S ′) \⋃k−3i=1 {(x, i): x ∈ I0} as follows:
1. p = {(x,0), . . . , (x,k − 2)}, where x ∈ Q or x ∈ Ii , i ∈ N ′k \ {0};
2. p ∈ S or p = (x, y) ∈ S ′ , where x ∈ I0 and y ∈ {0,k − 2}.
Now let us topologize X . Fix p ∈ X . If p = (x, y) and y /∈ Nk , then we declare p isolated. Otherwise, one of the following
four cases will take place and in each case the terminology “basic triangle at q” means a triangle which has the sides adjacent
to the vertex q of equal length and an angle at q of measure 30◦ . The height (or bisector) at q will be used to orient the
triangle vertically or with slope 1, or −1.
Case 1: [p = (x,k − 2) and x ∈ I0]. In the half-plane above the point p draw a basic triangle neighborhood at p with the
height slope equal to −1.
The trace of the triangle (the boundary and interior included) on X is a basic neighborhood at p. The length of height
at p will be called the height of the neighborhood.
Case 2: [p = (x,0) and x ∈ I0]. In the half-plane below the point p draw a basic triangle neighborhood at p with the
height slope equal to −1.
As in Case 1 the trace of the triangle on X will determine a basic neighborhood at p.
Case 3: [p = {(x,0), . . . , (x,k − 2)}, x ∈ Q ]. Construct two basic triangles with vertical heights (of the same length less
than 1)—one above the vertex q = (x,1) and one below the vertex q′ = (x,0).
Case 4: [p = {(x,0), . . . , (x,k−2)}, x ∈ Ii], i ∈ N ′k \{0}. Construct two basic triangles of the same height length—one above
the vertex q = (x, i) with the height slope equal to −1 and one above the vertex q′ = (x, i + 1) with the vertical height.
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neighborhood at p. The length of the height of the upper triangle will be the height of the neighborhood. The construction
of the space X is complete.
The space is Tychonoff since each basic neighborhood is a clopen set. It is obvious that X is a separable Moore space
and it follows that X is subparacompact.
Claim 1. The diagonal rank of X is at least k.
If p ∈ X is isolated, put Un(p) = {p}. If p ∈ X is not isolated, let Un(p) be a basic neighborhood at p such that each
participating triangle has Euclidean diameter less than 12n . Let Un = {Un(p): p ∈ X} for each n < ω. Notice that p belongs to
only one element of Un , namely, to Un(p) if it is not isolated. We show that {Un}n has rank at least k. Fix any two distinct
points p1, p2 ∈ X .
Case 1: p1 = (x,k − 2) and p2 = (x,0). Let us show that p1 /∈ stk(p2, U1). Take any U0, . . . ,Uk−3 ∈ U1 such that
U i ∩ U i+1 = ∅ for i ∈ {0, . . . ,k − 4}. We need to prove that ⋃k−3i=0 U i misses U1(p1) or U2(p2). Recall that U1(p1) is the
point p1 plus a triangle facing north-west above the line y = k − 2, while U2(p2) is the point p2 plus a triangle facing
south-east below the line y = 0. The only chance for ⋃k−3i=0 U i to meet both sets is each element of {U i: i = 0, . . . ,k − 3}
is exactly a basic neighborhood at {(qi,0), . . . , (qi,k − 2)} for some qi ∈ Q ∪⋃k−3i=1 Ii . Without losing any generality, we
can assume that U0 = U1({(q0,0), . . . , (q0,k − 2)}) with q0 ∈ Q and U i = U1({(qi,0), . . . , (qi,k − 2)}) with qi ∈ Ii for each
i = 1, . . . ,k− 3. Since triangles we used to deﬁne neighborhoods have small angle measures, the upper triangle of Uk−3 can
meet U1(p1) only if qk−3 < x, the lower triangle of U0 can meet U2(p2) only if x < q0, and U i ∩ U i+1 = ∅ only if qi < qi+1.
Consequently,
⋃k−3
i=0 U i misses U1(p1) or U2(p2).
Case 2: p1 = (a,k−2) and p2 = (b,k−2). Let d be the Euclidean distance between (a,1) and (b,1). Pick n < ω such that
k
n < d. Let us show that p1 /∈ stk(p2, Un). By the deﬁnition of Un , U1(p1), U2(p2) are triangles of diameter less than 12n in
the upper half-plane bounded by the line y = 1. Take any U 0, . . . ,Uk−3 ∈ Un . The portions of U0, . . . ,Uk−3 that lie in upper
half-plane have diameter less than 12n . Since
k
n < d, the set
⋃k−3
i=0 U i misses U1(p1) or U2(p2).
Other cases are similar to the latter case.
Claim 2. The diagonal rank of X is at most k.
Assume the contrary, and let {Un}n be a diagonal sequence of rank at least k+1. We may assume that each {Un} consists
of basic neighborhoods. Put An = {x ∈ I0: (x,k − 2) /∈ stk+1((x,0), Un)}. For each An , deﬁne An,m as following: x ∈ An is in
An,m iff there are basic neighborhoods U (x,k−2), U (x,0) ∈ Un of the heights at least 1m at (x,k−2) and (x,0), respectively.
Since the diagonal sequence has rank at least k + 1, each x ∈ I0 is in at least one An,m . Hence, there is some N and M such
that clR(AN,M) has a nonempty interior in R .
For each x ∈ AN,M , let U (x,k − 2), U (x,0) ∈ UN be basic neighborhoods of heights at least 1M at (x,k − 2), (x,0), respec-
tively.
It is clearly that if a triangle is moved just a little along a straight line, then the new triangle meets the old one. Recall
that all basic neighborhoods of the same height at points of form (x,k − 2) are obtained from each other by sliding along
the line y = k− 2. Hence, we can pick distinct a1, b1 ∈ AN,M with a1 < b1, very close to each other such that U (a1,k− 2) ∩
U (b1,k−2) = ∅ and U (a1,0)∩U (b1,0) = ∅, and for each pair c, d ∈ AN,M with a1 < c < d < b1, U (c,k−2)∩U (d,k−2) = ∅
and U (c,0) ∩ U (d,0) = ∅ since heights of basic neighborhoods of U (x,k− 2),U (x,0) ∈ UN are at least 1M for each x ∈ AN,M .
Let Ki,m be a set of points such that there are basic neighborhoods U (p) ∈ UN of heights at least 1m at p ={(x,0), . . . , (x,k − 2)} ∈ Ii for each i ∈ {1,2, . . . ,k − 3}. Since clR(AN,M) has a nonempty interior in R , and Ii ∩ U is sec-
ond category for any nonempty open interval U of R , we can pick q0 ∈ Q and qi ∈ Ii for each i = 1, . . . ,k − 3 such that:
(1) a1 < q0 < q1 < · · · < qk−3 < b1;
(2) U (qi) ∩ U (qi+1) = ∅, where i = 1, . . . ,k − 4 and U (qi) ∈ UN is a basic neighborhood of height at least 1Mi at{(qi,0), . . . , (qi,k − 2)}.
Finally, we can choose a2,b2 ∈ (X \ Q ) ∩ AN,M closely such that:
(3) a1 < a2 < q0, qk−3 < b2 < b1, U (a2,0) meets the lower triangle of U (q0), and U (b2,k − 2) meets the upper triangle
of U (qk−3), where U (a2,0), U (b2,k − 2) ∈ UN are basic neighborhoods of heights at least 1M at (a2,0), (b2,k − 2),
respectively.
Let U (a2,k−2) ∈ UN be basic neighborhood of height at least 1M at (a2,k−2). From (1)–(3) we can see that U (a2,k−2),
U (b2,k − 2), U (qk−3), . . . , U (q0), U (a2,0) form a (k + 1)-link path from (a2,k − 2) to (a2,0) within UN , contradicting with
a2 ∈ AN . 
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constructed in Theorem 2.1 is separable and nonsubmetrizable. Hence, we have the following corollary, which answers
Problem 2.18 from [1]:
Corollary 2.4. There exists a space X with a rank 4-diagonal which is not a zero-set.
Proposition 2.5. For each k ∈ ω, denote Xk the space constructed in Theorem 2.1 such that the rank of the diagonal of Xk is k. Then
Xk is not metacompact, even meta-lindelöf.
Proof. Assuming the contrary, it is not diﬃcult to see that Xk has a development consisting of point-countable covers. Thus
X is second countable since it is separable. So X is metrizable, which contradicts the fact that the rank of the diagonal of Xk
is k. 
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